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The author wishes to thank Messrs Borino and Polizzotto for their interest in his paper on the
nonlocal softening bar\ and in particular for their critical comments\ which have a bearing on the
general applicability of the maximum dissipation principle\ and speci_cally on the validity of the
principle in general nonlocal plasticity[ In the following\ various issues of disagreement between
the author and Borino and Polizzotto are discussed[

0[ The nonlocal plastic strain

Although for reasons of simplicity\ o is identi_ed in the paper as in_nitesimal strain\ it should
be noted that the decomposition of strain into elastic and plastic parts is not performed[ In
in_nitesimal plasticity plastic strain is a de_ned quantity "due to the decomposition rule#\ whereas
in _nite plasticity no general agreement on how plastic strain should be de_ned exists[ In general
nonlocal plasticity it would seem unlikely indeed\ unless deformation is homogeneous\ that a
prescription unambiguously identifying plastic strain can be found[ Nevertheless\ Borino and
Polizzotto assert that\ in theories of nonlocal plasticity suitable for application to localized failure\
plastic strain should be treated as local[ They refer to results reported in the papers of Baz³ant and
Pijaudier!Cabot "0877# and of Baz³ant and Lin "0877#[ These papers are not of much help in this
respect\ however\ since the Baz³ant and Pijaudier!Cabot paper concerns nonlocal elastic damage
"with local strain#\ and Baz³ant and Lin in fact treat plastic strain as nonlocal "while keeping total
strain local#[

1[ The dissipation function

Borino and Polizzotto remark that the author presents "15# and "16# without introducing any
nonlocality residual[ However\ "15# is merely a de_nition and for "16# it is made clear that this
relationship applies to a localized form of the dissipation inequality having a vanishing nonlocality
residual[ One should note\ in this context\ that "09# is not a general statement either but represents
a special form of the second law of a nonlocal nonpolar mechanical theory\ a form pertaining to
a locally mass closed body for which the nonlocality residuals for both linear and rotational
momentum vanish[
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Whereas the author treats "16# as only a su.cient condition for the second law to hold true\
Borino and Polizzotto claim that it is also a necessary one[ They appear to also disagree with the
author concerning the interpretation of nonlocality residuals "as will subsequently be discussed#[
The author would _rst note\ however\ that the argument Borino and Polizzotto use as a basis for
concluding that the nonlocality residual P vanishes identically is questionable[ They assert that the
expression for the thermodynamic forces S and Q\ as given by "87#\ follows from "86#[ Certainly\
"87# does contain conditions su.cient for "86# to be ful_lled[ However\ they are not necessary
since o¾p and k¾ cannot be treated as completely independent variables[ In view of "090a#\ one may
assume that

o¾p � l¾p¼ ""s#p\ "q#h#\ k¾ � l¾h¼ ""s#p\ "q#h#\ "003#

with l¾ × 9 at plastic loading[ Hence\ the condition "86# requires "plastic loading presupposed# that

gB

ð"S−"s#p# = p¼¦"Q−"q#h#h¼Ł dV � 9\ "004#

from which "87# does not necessarily follow[
If P does not vanish identically\ "15# subject to condition "16# is not in agreement with "82#[ The

following argument might help to clarify the author|s interpretation of nonlocality residuals in
nonlocal continuum mechanics[ Assume "13#0 as the plastic dissipation and de_ne a dissipation
density as in "15# "bilinear in o¾p and k¾ #[ Localization of the global dissipation inequality Dp − 9
then leads to

Dp¦P − 9\ gB

P dV � 9\ "005#

or in equivalent local forms

gP

"Dp¦P# − 9\ gB

P dV � 9\ "006#

and

gP

Dp dV−gB−P

P dV − 9\ "007#

where P is an arbitrary part of B[ In view of "007#*where Dp represents the rate of energy
dissipated locally at x*the residual P may be interpreted as the rate at which energy is supplied
to a particle at x due to the presence of the rest of the body[ Seen in this light\ "15# is an appropriate
de_nition of the plastic dissipation density\ whereas "16# is the localized form of "13#0 corresponding
to a vanishing nonlocality residual[ For instance\ choosing

P � ms = ðo¾pŁ−"ms#p = o¾p¦nqðk¾Ł−"nq#hk¾ \ "008#

where m"x# and n"x# are arbitrary tensorial and scalar functions\ the dissipation inequality becomes

""0−m#s#p = o¾p¦""0−n#q#hk¾¦ms = ðo¾pŁ¦nqðk¾Ł − 9\ "019#



Author|s closure : International Journal of Solids and Structures 25 "0888# 2982Ð2099 2984

which is only identical with "16# if restricted to local theory[ Choosing m"x# � 0 and n"x# � 0 yields
the inequality

s = ðo¾pŁ¦qðk¾Ł − 9\ "010#

where the left!hand side is identi_ed as the integrand of "13#1 "but of course not equal to Dp#[
Apparently\ the global inequality Dp − 9 results in an arbitrary number of local statements\ one
of which is "16#\ corresponding to P � 9[

2[ The plastic ~ow laws

Recall that in the case of restricted nonlocality the independent variables are o\ ðopŁ and ðkŁ[
In addition to the constitutive assumption "08#\ a yield function must be introduced and constitutive
equations for the rates of plastic strain and strain hardening " ~ow rules or ~ow laws# be postulated[
In the author|s view\ the corresponding yield criterion "in strain space# can be formulated as

`"o\ ðopŁ\ ðkŁ# ¾ 9\ "011#

whereas the ~ow rules along a strain trajectory can be assumed to have the form

o¾p � l¾p"o\ ðopŁ\ ðkŁ#\ k¾ � l¾h"o\ ðopŁ\ ðkŁ#[ "012#

Here l¾ � l¾ "o\ ðopŁ\ ðkŁ ^ o¾# is a plastic multiplier\ one which may be assumed to depend linearly
on o¾\ and which at plastic loading is positive[ What is the {normality rule| in this general case<
Obviously\ the procedure suggested by Borino and Polizzotto is not applicable\ the pertinent
thermodynamic forces being displayed in "05#0[ In a corresponding local theory\ a normality rule
can be derived by employing a work assumption of one form or another "see e[g[ Casey and
Naghdi\ 0873# or by invoking the principle of maximum dissipation[ To arrive at the normality
rule in its classical form\ however\ it is necessary to look at a restricted class of elasticÐplastic
materials[ Assume that "10# is valid "invertibility# and de_ne a yield function in stress space by the
relation

`"o\ ðopŁ\ ðkŁ# � `"o½"s\ ðopŁ\ ðkŁ#\ ðopŁ\ ðkŁ# � f"s\ ðopŁ\ ðkŁ#[ "013#

For the special class of materials that comply with "11# and "12#\ the corresponding yield criterion
"in stress space# becomes

f"s\ q# ¾ 9\ "014#

where for convenience ðkŁ has been replaced by q ðde_ned by "14#Ł[ In local theory the normality
rule is of the form o¾p � l¾ 1f:1s corresponding to "090a# "the ~ow rule for plastic strain in associated
plasticity#[ Further\ still assuming local theory\ "13# and "15# may be replaced by the single equation

Dp � s = o¾p¦qk¾ \ "015#

whereas "014# appears in unaltered form "s and q � −Hk now being local thermodynamic forces#[
By invoking the maximum dissipation principle\ it can be shown that the ~ow rules become
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o¾p � l¾
1f

1s
\ k¾ � l¾

1f

1q
\ "016#

subjected to the KuhnÐTucker conditions

f "s\ q# ¾ 9\ l¾ − 9\ l¾f "s\ q# � 9[ "017#

Here the thermodynamic forces related to o¾p and k¾ are s and q\ respectively[ Adopting the
terminology Borino and Polizzotto employ\ "016# together with "017# may be regarded then as a
generalized normality rule in local plasticity[

For the corresponding nonlocal case\ Borino and Polizzotto assert that "090a# and "090b# follow
by a simple application of this normality rule[ However\ such an argument is questionable[ Going
on then to nonlocality\ one can note that the set of admissible states is given by "17#\ where s and
q are not "as Borino and Polizzotto claim# {local stresses| but are nonlocal quantities given by "12#
and "14#\ and that "015# can be replaced by "15# "corresponding to a zero!residual of nonlocality#[
Apparently\ "15# and "17# do not appear in a format corresponding to "014# and "015# in the local
case[ Hence\ in the author|s view\ the {normality rule| of local plasticity cannot be applied[ However\
as Borino and Polizzotto also note\ "090a# and "090b# can be derived by invoking the maximum
dissipation principle in the form displayed by "098#\ i[e[ after a change of independent variables[
See next section for a further discussion of this[

3[ The maximum dissipation principle

The principle "or postulate# of maximum dissipation in classical plasticity is a highly restrictive
assumption\ allowing the associated ~ow rule "the normality rule# for plastic strain to be derived[
By invoking a generalized form of the classical principle "016# and "017# can be derived as well[ Is
it possible then to also apply the principle in nonlocal plasticity so as to derive associated ~ow
rules that comply with "13#\ "17# and "012# "or more generally with "03#\ "04#\ "011# and "012##<
If the principle is stated as

max Dp ðs\ q ^ ðo¾pŁ\ ðk¾ŁŁ\ f "s\ q# ¾ 9 in B\ "018#

where

Dp � gB

ðs = ðo¾pŁ¦qðk¾ŁŁ dV\ "029#

it follows by the Lagrange multiplier method that the ~ow rules can be written in the form given
by "097a#\ subject to the conditions in "097b#[ This is a trivial result of local theory\ the extension
to nonlocal plasticity in e}ect being empty[ Since o¾p and k¾ only appear here disguised as ðo¾pŁ and
ðk¾Ł\ it is merely a question of renaming variables[ An appropriate Lagrangian can be written as

Lp"s\ q\ l¾# � −s = ðo¾pŁ−qðk¾Ł¦l¾f "s\ q#\ "020#

and "018# can be solved by optimality conditions corresponding to "20#\ which implies "097a# and
"097b#[ Hence\ the application of the principle in this form does not lead to ~ow rules that comply
with "012#[ In the original paper\ the author failed to see that replacing "13#1 by "13#0 has no
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in~uence whatever on the result of the optimality problem[ For the latter\ the principle can be
formulated as

max Dp ðs\ q ^ o¾p\ k¾ Ł\ f "s\ q# ¾ 9 in B\ "021#

where now

Dp � gB

ð"s#p = o¾p¦"q#hk¾ Ł dV[ "022#

The corresponding Lagrangian is given by

Lp"s\ q\ l¾# � −Dp""s#p\ "q#h ^ o¾p\ k¾ #¦gB

l¾f "s\ q# dV

� gB $−gB

w½ p"x\ z#s"z# = o¾p¦w½ h"x\ z#q"z#k¾ dV"z#¦l¾f "s\ q#% dV"x# "023#

and its variation by

dLp � gB $−gB

w½ p"x\ z#ds"z# = o¾p dV"z#¦l¾
1f

1s
ds% dV"x#

¦gB $−gB

w½ h"x\ z#dq"z#k¾ dV"z#¦l¾
1f

1q
dq% dV"x#¦gB

dl¾f "s\ q# dV[ "024#

Interchanging x and z and reversing the order of integration allows "024# to be written as

dLp � gB $0−gB

"w½ p"z\ x#o¾p"z# dV"z#¦l¾
1f

1s1 = ds% dV"x#

¦gB $0−gB

w½ h"z\ x#k¾ "z# dV"z#¦l¾
1f

1q1 dq% dV"x#¦gB

dl¾f "s\ q# dV[ "025#

Hence\ in view of "7#\ the optimality conditions are given by "097a# and "097b#[ This result is not
surprising\ since the step taken to pass from "024# to "025# is the same as that which transforms
"13#0 into "13#1[ As a consequence\ unless the set of independent variables is replaced by a set of
corresponding conjugated forces ðe[g[ as those appearing in "098#Ł\ it appears to be impossible to
apply the maximum dissipation principle "in its classical form# to obtain a non!trivial solution[
Although "21# and "22# do not follow from a maximum dissipation principle ðextended from local
theory and stated as in "018#Ł\ one can note that\ as long as "04# is satis_ed\ "21# is consistent with
both "014# and general thermodynamics[ Since this is the only restriction0 placed on the constitutive
functions of the theory "c\ s and f #\ it is di.cult to see what Borino and Polizzotto have in mind

0 Note that convexity of the yield surface is not a su.cient condition for the inequality to hold true for all f[
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with regard to the statement that precedes "002#[ "It is not appropriate to take the left!hand side
of "002# as a de_nition of {plastic work| in the present theory[#

4[ The bar solution

The features of the solution to a nonlocal structural problem are highly a}ected by the speci_c
choice of attenuation functions due to their in~uence on the constitutive equations of the material[
For the bar solution\ the width of the localized zone is essentially determined by the characteristic
length l "considered as a material parameter of a nonlocal body#\ the elastic modulus E and the
softening modulus H[ Since the structural size e}ect is apparently a nonlocal property of a body\
it is not surprising that the width of the localized zone depends on the length of the bar[ This
dependence is negligible\ however\ if the parameter l is small compared with the length of the bar[
It should be emphasized that the criterion used to determine the bandwidth is speci_c to the bar
problem and cannot unequivocally be generalized to two! or three!dimensional problems[

In the paper\ the attenuation functions are chosen as being rapidly decaying but also as being
non!zero everywhere along the bar[ Although the latter property is unnecessary\ of course\ it is
suitable for an analytical treatment of the problem[ In a numerical solution strategy it would be
more convenient to de_ne attenuation functions as only being non!zero within some prescribed
distance from a given point "as was done by Baz³ant and Lin\ 0877#[ Borino and Polizzotto refer
again to the paper of Baz³ant and Lin and its solution of the bar problem and claim that paper to
indicate the bandwidth to be a strict material parameter[ That problem is not addressed\ however\
in the Baz³ant and Lin paper\ which deals with numerical solution of two!dimensional nonlocal
softening problems and also reports that the bandwidth "in the case of a tensioned rectangular
panel# is not constant but varies with loading[

It should be emphasized that the introduction of nonlocality for plastic strain is crucial to the
theory dealt with in the paper[ Treating plastic strain as local would force the localized zone into
a region of vanishing size[

It is interesting to note that all essential features of the bar solution as given in Section 2 and 3
remain unchanged if "21# and "22# are replaced by "090a# and "090b#\ respectively[ If sy is uniform
along the bar "strain softening may be assumed to be initiated through some imperfection at x9#\
the yield function corresponding to "30# becomes

f � "s#p−"sy#p¦"q#h � bp"s−sy#¦gB

w½ h"x\ z#q"z# dz\ s × 9\ "026#

where "68# has also been used[ The ~ow rules corresponding to "34# may be written as

o¾p"x# � k¾ "x# � l¾ "x# � Bþ"x#d"x−x9#\ "027#

and hence

ðo¾pŁ"x# � Bþ"x9#w½
p"x9\ x#\ ðk¾Ł"x# � Bþ"x9#w½

h"x9\ x#[ "028#

The corresponding consistency condition leads to the following expression for Bþ ðto replace "38#Ł ]
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Bþ"x9# �
bp"x9#

b�"x9#

s¾

H
\ "039#

where

b�"x9# � gB

"w½ h"x9\ z##
1 dz[ "030#

Hence\ in view of "39#\ "028#0 and "039#\ it follows that "49# should be replaced by

o¾"x# � s¾ $
0

E
¦

0

H

bp"x9#

b�"x9#
w½ p"x9\ x#%[ "031#

It is easy to show then that the total dissipation given by "56# should be replaced by

Dp �
"bp"x9##

1

b�"x9#

s¾

H
sy\ "032#

preserving all the characteristic properties called attention to in the paper[ It should also be noted
that "62# remains valid if the characteristic length l�ch is de_ned as

l�ch �
"bp"x9##

1

b�"x9#
[ "033#

Finally\ it can be shown for a wide class of attenuation functions that "027# represents the only
nontrivial equilibrium solution of the bar problem[

5[ Conclusions

A number of questions have been raised with regard to the principle of maximum dissipation
and its role in nonlocal plasticity[ The principle in itself represents a highly restrictive assumption
which in classical plasticity leads to the ~ow rules of associated plasticity[ In the author|s view it
is not clear that the principle can be extended to embrace nonlocality in such a way that appropriate
~ow rules of nonlocal associated plasticity can be derived[ In other words\ if the principle of
maximum dissipation cannot be stated in a form leading to ~ow rules consistent with "012#\ doubt
can be cast upon its validity in nonlocal plasticity[

The bar solution presented in the paper has the following characteristic features ]

, the solution is unique in the sense that strain softening represented by the Dirac distribution "70#
appears " for a certain class of attenuation functions# to be the only nontrivial equilibrium
solution of the elasticÐplastic equations of the problem

, plastic strain needs to be treated as a nonlocal quantity in order to ensure that the localized zone
does not shrink into a region of vanishing size

, the width of the localized zone is essentially a material property[

Caution should be observed in any attempt to extend the results of the bar solution to general
softening plasticity[ Plastic strain\ although necessary in the case of the softening bar\ cannot be
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claimed unconditionally to be nonlocal in theories capable of treating localized failure[ For
instance\ for coupled elasticÐplastic damage it would appear very likely that the damage variable
can be chosen as the only nonlocal quantity present in the model[ For general elasticÐplastic
models "without damage#\ however\ the author is unable to see any obvious reason for considering
plastic strain as local[

It should be emphasized\ _nally\ that models based on gradient plasticity and nonlocal plasticity\
respectively\ cannot be expected to provide identical results\ due to the nonequivalence of these
theories "as was discussed in the original paper#[
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Errata

Also add the following corrections to the original paper ]

Page 3392\ paragraph 0\ line 0 ] Read {{Note that if one takes w½ � d "the Dirac delta function# in "7#\ it follows that the

original state functions are recovered||[

Page 3302\ paragraph 0\ line 4 ] Read {{[ [ [ in which w½ p � d � w½ h "and hence bp"x# � 0 [ [ [||[

Page 3303\ paragraph 0\ line 1 ] Read {{[ [ [ when w½ p � d||[


